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Abstract – It is proposed that all fully rough-wall boundary layers should satisfy self-preservation more closely than a smooth-wall boundary layer.
Previous work has shown that the self-preserving forms of the momentum and turbulent kinetic energy equations for a zero pressure gradient turbulent
boundary layer, at sufficiently high Reynolds number, require that the wall shear stress is constant withx, and the layer thickness increases linearly
with x. Measurements in two rough wall boundary layers suggest these conditions are met without assuming a form for the mean velocity distribution,
and are more likely to exist in a fully rough wall layer than a smooth wall layer. 2001 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

The concept of similarity solutions is well established for laminar boundary layers. Its importance is also
well recognised from both experimental and mathematical points of view. Although the structure of a turbulent
boundary layer differs significantly from that of a laminar layer, the concept of similarity or self-preservation
has been widely used in turbulent boundary layers. Clauser [1,2] noted that similarity of the mean velocity
profile across a turbulent boundary layer can be assumed with a fair degree of approximation. Clauser [1]
singled out for study a class of simple equilibrium flows which he later [2] associated with a constant value
of the parameterβ ≡ (δ∗/τw)(dp/dx), whereδ∗ is the displacement thickness,τw is the wall shear stress
and dp/dx is the mean streamwise pressure gradient. Analysis of self-preserving or equilibrium layers were
subsequently made by Townsend [3–5] and Rotta [6] and several possible self-preserving turbulent boundary
layers were considered, e.g., Mellor and Gibson [7], Herring and Norbury [8], Bradshaw [9], and Tani [10].
In a self-preserving layer, motions at different sections of the flow differ only in scales of velocity and length,
for example the friction velocityuτ ≡ (τw/ρ)

1/2 and the boundary layer thicknessδ. The conditions these
scales need to satisfy were tabulated by Rotta [6]; like Clauser [2], Rotta useduτ and� ≡ δ∗U1/uτ , whereU1

is the free stream velocity. When the wall is smooth, self-preservation is satisfied exactly only for the flow
between converging planes. Strictly, self-preservation is not possible for a zero pressure gradient boundary
layer (i.e.U1 = const.); the experimental data (e.g., Osaka et al. [11]; Smith [12]) for a zero pressure gradient
turbulent boundary layer over a smooth wall indicate thatuτ , or equivalently the local skin friction coefficient
Cf ≡ 2u2

τ /U
2
1 continually decreases withx. For zero pressure gradient rough wall boundary layers, Rotta [6]

and Tani [10] suggested that, with an assumed form for the mean velocity distribution, exact self-preservation
was possible when the velocity and length scales meet specific conditions. Two particular types of boundary
layers have been thought to exhibit self-preservation: the boundary layer over the so-calledd-type roughness
and the boundary layer over a specifick-type rough wall. Thed-type roughness (consisting of transverse square
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cavities, Perry et al. [13]; Wood and Antonia [14]; Tani [10]) is apparently characterized byCf = const. and
a linear dependence withx of the so-called mean velocity profile ‘error in origin’,do. This has received some,
though not unequivocal, experimental support ([13–16]). Rotta suggested that self-preservation can be achieved
for flows overk-type roughnesses (i.e. those surfaces in whichdo does not show a linear dependence withx)
and for which dk/dx > 0. Limited experimental data are provided by Liu and Huang [17] for this case, although
they are insufficient to support self-preservation conclusively. Tani [10] noted that self-preservation exists in a
boundary layer if Coles’ profile parameter,� does not vary withx.

A serious concern is that the classification of different rough surfaces is based solely on the effect the
roughness exerts on the mean velocity, more specifically its distribution in the assumed logarithmic region.
As yet, no cogent explanation has been advanced for the apparent structural differences between the particular
d-type and the more commonk-type roughnesses. However, both roughnesses exhibit substantial differences
relative to a smooth wall. Djenidi et al. [16] presented detailed flow visualisations of the turbulent flow
surrounding thed-type roughness while Krogstad and Antonia [18] showed differences with the wall normal
components of the turbulence structure between twok-type roughnesses and a smooth wall. The visualisations
of Liu et al. [19] suggested that fluid mixing increased over a transverse square bar roughness (k-type)
with p/k = 4 (p/k is the streamwise pitch to roughness height ratio) compared with that over transverse
square cavity roughnesses withp/k = 2. Furuya et al. [20] showed from pitot tube and pressure distribution
measurements over a cylindrical rods-roughness that the greatest effect on the mean velocity distribution
occurred whenp/k was in the range 4 to 8.

In this paper, we propose a less constraining view of rough wall turbulent boundary layers in so far as no
distinction is made betweend-type andk-type roughnesses. A distinction is made only between smooth and
fully rough walls. Fully rough walls are those in which the roughness elements protrude beyond the viscous
sublayer. A feature of these boundary layers is the high Reynolds number,Rδ (≡ δuτ/ν or Kármán number) that
can be achieved relative to a smooth wall boundary layer. Also, not withstanding the difficulty of determiningτw
reliably in a rough wall layer, the rate of change ofuτ (or Cf ) with x appears to be considerably smaller than
that for a smooth wall layer.

The analysis in section 2 shows that a rough wall layer ought to be a better candidate for self-preservation
than a smooth wall layer. Experimental details for a rod-roughness are given in section 3 and a comparison of
methods used for estimatinguτ is provided in section 4. Support for self-presevation over two rough surfaces
( figures 1(a)and(b)) is given in section 5. These surfaces consist of two-dimensional (2D) transverse square
cavities and cylindrical rods, aligned in the spanwise direction and periodically spaced in the streamwise
direction.

2. Self-preserving development of a turbulent boundary layer

The following self-preserving distributions for the mean velocity and Reynolds stresses are assumed [4,6]

U1 − U = uτf (η),

u2 = u2
τ g1(η),

v2 = u2
τ g2(η),

uv = u2
τ g12(η),

(1)

whereη = y/δ,u andv are velocity fluctuations in the streamwisex and wall-normaly directions respectively;
an overbar denotes time averaging. In a zero pressure gradient the scalesuτ andδ depend only onx.



R.J. Smalley et al. / Eur. J. Mech. B - Fluids 20 (2001) 591–602 593

Figure 1. (a) transverse square cavity; (b) rod-roughness geometry.

Using the boundary layer approximation, the above distributions should satisfy the mean momentum
equation

U
dU

dx
+ V

dU

dy
+ duv

dy
+ d

dx

(
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) = ν
∂2U

∂y2
(2)

and the turbulent kinetic energy equation

U
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+ uv

∂U
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whereq2 = u2 + v2 +w2 is twice the mean turbulent kinetic energy,ε is the mean turbulent energy dissipation
rate andp is the pressure fluctuation. Substitution of equation (1) into (2) yields, after applying the continuity
equation to findV ,
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where a prime denotes differentiation with respect toη. The retention of the viscous term would require that the
Kármán number remain constant (Rotta [6]); this is an overrestrictive constraint. If equation (4) is multiplied by
δ/u2

τ , the viscous term can be neglected ifRδ is large enough, a condition which is more readily achievable for
a rough wall than a smooth wall layer. Results obtained over the rod-roughness, those of Hosni et al. [21] over a
3D roughness consisting of hemispherical elements and those of Ranga Raju et al. [22] over a gravel roughness
all suggest that, at constantx, ∂δ/∂U1]rough> ∂δ/∂U1]smooth. Since nearly all rough walls are drag-augmenting
surfaces, thenRδrough should be greater thanRδsmooth.

The coefficients of all other terms in (4) are independent ofx if



594 R.J. Smalley et al. / Eur. J. Mech. B - Fluids 20 (2001) 591–602

dδ

dx
= const., (5)

uτ = U1

√
Cf

2
= const. (6)

These conditions automatically satisfy the self-preserving form of the momentum integral equation. They also
satisfy (3) if self-preserving forms forq2, (q2v + pv) andε are written in a similar manner to (1). In arriving
at (5) and (6), no assumptions were made regarding a particular shape of the mean velocity profile, e.g., a
log-law with a prescribed wake function. However a remark should be made about these conditions. Based
on Reynolds stress measurements obtained at relatively high Reynolds numbers, Krogstad and Antonia [18]
showed that the distributions in equation (1) do not exhibit complete similarity over all wall surfaces. Hence
the functionsg1, g2 andg12 are more likely to depend on bothη and a roughness geometry or roughness density
parameter. The form that the latter may take is not known. The double dependence suggests that (1) may not
be a sufficient condition for self-preservation; it may however, indicate approximate self-preservation over a
particular wall surface.

Although numerous experiments have been performed over rough walls under zero pressure gradients, few
have been undertaken with the specific objective of investigating the self-preservation of various rough wall
turbulent boundary layers. Bandyopadhyay [23] concluded that both the transverse square cavity and ak-type
roughness (sandgrain) in a transitional regime can achieve self-preservation. However self-preservation for the
sandgrain roughness only occured after a sufficient streamwise fetch. Transitionally rough surfaces are those
classified between hydraulically smooth and fully rough surfaces. This paper will focus on three boundary layer
surfaces. Results from Osaka et al. [15] over a transverse square cavity roughness will be compared with those
over a smooth wall (Smith [12]) and the present rod-roughness.

3. Experimental details

Measurements were made in an open-return blower tunnel, previously described in Krogstad et al. [24].
The boundary layer developed over a vertical wall of the tunnel working section and was tripped at the tunnel
contraction by a 4 mm diameter trip rod followed by 170 mm of No. 40 grit sandpaper, both spanning the height
of the working section. Immediately downstream of the sandpaper, the vertical surface of the working section
was covered with a roughness comprising two dimensional cylindrical copper coated steel rods of diameter
1.6 mm. These spanned the full height and were placed at a streamwise pitch to roughness height ratio(p/k)

of 4. Between 1.6 and 3.1 m (measured from the tunnel contraction exit) the mean pressure gradient was
maintained to within 1% of the freestream dynamic pressure while the freestream turbulence intensity ranged
between 0.4% and 1.2%.

The tunnel speed was nominally 10.1 ms−1 and the Reynolds number,(Rθ ≡ U1θ/ν), over the extent of
the measurements varied between 5800 and 10000, whereθ is the momentum thickness. AtRθ = 10000, the
roughness Reynolds number,k+, was about 60 (the superscript+ indicates normalisation by wall variables).
For a 2D rough wall, the lower limit ofk+ for fully rough flow is 10 (Bandyopadhyay [23]). All results presented
over the rod-roughness were measured with a X-wire probe operated by in-house constant temperature
anemometers at an overheat ratio of 1.5. The wires were etched (fromdw = 2.5 µm Pt-10 Rh Wollaston wire)
to an effective wire lengthlw of about 200dw. The wires were separated by a nominal distance of 0.5 mm and
had apex angles between 101◦–107◦. Calibration was carried out in the freestream before and after each profile
using a fourth-order, least squares polynomial fit to velocity versus voltage data. If the mean velocity differed
between the two calibrations by more than 2%, the data were rejected. The X-wires were yaw calibrated using
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the method described in Browne et al. [25]. Measurements were carried out over a roughness element crest and
the wall proximity distance was determined using a theodolite measure of the distance between the roughness
element crest and the centre of the X-wire. The error associated with this method was approximately± 0.1 mm
(y+ ≈ 3.6). Data were acquired at a sampling frequency of either 12.6 or 16.0 kHz and low-pass filtered (cut
off frequencyfc = fs/2), using fourth-order-Butterworth filters. Sample times were between 26 and 40 s.

4. Estimation of uτ

To test for self-preservation, an accurate estimate ofuτ is required. While for a smooth wall boundary
layer, uτ can be easily measured, it is less straight forward over a rough wall whereτw (≡ ρu2

τ ) receives
contributions from the form drag,τp and viscous shear stress,τv , via τw = τp + τv .

In the following, we compare various methods for obtaininguτ over different surfaces. Osaka et al. [11,15]
measuredτw over a smooth wall and a transverse square cavity roughness respectively using a drag balance.
Over the smooth wall, the resultinguτ was within 2% of the value estimated from the momentum integral
equation, viz

u2
τ = U2

1

dθ

dx
+

∫ δ

0

∂

∂x

(
v2 − u2

)
dy.

Smith [12], also for a smooth wall, determineduτ indirectly from the Clauser chart method. Over the sameRθ

range(4600� Rθ � 6200), uτ was in reasonable agreement with that of Osaka et al. [11]. The data of [12]
(hereafter referred to as the smooth wall) will be used as reference in the present experiment, as it covers anRθ

range(4900� Rθ � 10000) equivalent to that of the two rough wall turbulent boundary layers.

A reasonable estimate ofuτ may be inferred from the Reynolds shear stress distribution. Over most wall
surfaces at relatively highRθ , a plateau of−uv exists at abouty/δ ≈ 0.2 (see for examplefigure 2). If
this plateau is assumed to correspond to a constant shear stress region (usuallyy/δ < 0.4), the magnitude
of −uvplateauis then equivalent tou2

τ . This method has been used extensively in atmospheric surface layer and
rough wall investigations (e.g. [26,27]).

In the present experiment−uv]1/2
plateauwas used as an initial estimate foruτ . This estimate is used to plotU+

versus log(y+ + d+
o ), a refinement ofuτ is then sought from a logarithmic least-squares fit to the data for the

region betweeny+ > 50 andy/δ � 0.15. The modified Clauser chart method applied to the rough wall mean
velocity profile assumes that part of the profile scales logarithmically. This method differs from that used by
Tani [10] who optimised the fit foruτ , do and� across the entire velocity profile. The value for−uv]1/2

plateau
in figure 2for each streamwise station shows that the least-squares fit within the inner region of the boundary
layer adjusteduτ by no more than 4%, this is well within the error forCf estimated from−uv]1/2

plateau.

5. Comparison between rough and smooth walls

5.1. Conditions for self-preservation

Measurements over the rod-roughness were taken at 5 streamwise stations within the zero pressure gradient
extent of the boundary layer.Figure 3(a) shows thatδ∗, θ and δ increase approximately linearly withx.
A similar result is observed forδ∗ andθ over the transverse square cavity roughness (figure 3(b)) of Osaka
et al. [15] and also forδ (not shown), as measured by Djenidi et al. [16] (see also [14]) over the same type
of roughness. These results satisfy equation (5). However,figure 3(c)suggests thatδ∗, θ andδ for a smooth
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Figure 2. Reynolds shear stress for the rod-roughness and smooth wall. Rod-roughness:�, 1.6 m;×, 2.0 m;�, 2.5 m;�, 2.7 m;�. 3 m. - - - smooth
wall [12]; lower line,x = 1.1 m; upper line,x = 4.1 m.

wall layer may also vary linearly withx. This highlights the difficulty of assessing self-preservation with (5).
A more restrictive condition isCf = const. (or equivalently equation (6)) for a turbulent boundary layer in
a zero pressure gradient.Figure 4shows thatCf is approximately constant over the transverse square cavity
roughness while it decreases withx over the smooth wall [12]. Also shown are the data of [11], which exhibits
a similar streamwise variation which agrees well with that of [12]. Over the rod-roughness,Cf decreases by
approximately 2% over 2 m, compared with an 11% decrease over the smooth wall. These results indicate that
self-preservation is better approximated in a fully rough wall layer than a smooth wall layer.

Further support for self-preservation over the rod-roughness is provided by the mean velocity defect,
streamwise and normal Reynolds stresses and Reynolds shear stress distributions at 5 streamwise stations.
The smooth wall distributions corresponding to 1.1 m and 4.1 m are at the extreme ends of the measuring range
and are used for comparison. The collapse of the velocity defect distributions (figure 5) are equally reasonable
for both surfaces suggesting that the mean velocity defect is not a very sensitive test of self-preservation. The
Reynolds stresses for the rod-roughness and the smooth wall are shown infigures 2and6. There is negligible
streamwise variation foru+2 over the rod-roughness compared with an increase in the magnitude ofu+2

betweenx = 1.1 and 4.1 m for the smooth wall. Aty/δ = 0.15, u+2 increases by 18%. For the distribution
of v+2 at the same location, there is an indication that a systematic decrease of approximately 10% exists over
the streamwise extent for both surfaces. The collapse of the Reynolds stresses may not be directly related to
streamwise independence of the data. A distinction – although difficult to quantify – must be made between the
scatter resulting from experimental uncertaincy and a possible streamwise variation. For the rod-roughness, the
Reynolds stresses across the inner region of the boundary layer indicate that experimental uncertainty in the
data may mask a streamwise dependence. For each Reynolds stress, the errors are discussed with reference to
data obtained using X-wires over other wall surfaces.
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Figure 3. Boundary layer thicknesses. (a) rod-roughness(5800� Rθ � 10000); (b) transverse square cavity [15](4000� Rθ � 8000); (c) smooth
wall [12] (4900� Rθ � 10000), �, δ∗;�, δ; �, θ .

5.2. Discussion of Reynolds stress data

The increased scatter foru+2 and the decrease of−u+v+ as the wall is approached is a consequence of

using X-wires in a region in which the local turbulence intensity(≡ u21/2
/U) is relatively high. Raupach et
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Figure 4. Skin friction,Cf . �, rod-roughness;�, transverse square cavity;+ smooth wall [11];�, smooth wall [12]. 5% error in the estimation ofCf

is shown for the rod-roughness.

Figure 5. Mean velocity defect for the rod-roughness and a smooth wall. Rod-roughness:�, 1.6 m;×, 2.0 m;�, 2.5 m;�, 2.7 m;�, 3 m. - - - smooth
wall [12]; lower line,x = 1.1 m; upper line,x = 4.1 m.
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Figure 6. Reynolds stresses for the rod-roughness and a smooth wall.u+2 andv+2. Rod-roughness:�, 1.6 m;×, 2.0 m;�, 2.5 m;�, 2.7 m;�, 3 m.

Lines: smooth wall [12]. - - -u+2;− - −v+2; lower lines,x = 1.1 m; upper lines,x = 4.1 m.

al. [28] reviewed X-wire measurement problems in rough wall boundary layers and supported the conclusion
of Legg et al. [29], i.e. X-wire measurements ofu+2 andv+2 are only reliable to an accuracy of 20% when

u21/2
/U < 0.35. For−u+v+, u21/2

/U must be less than 0.25. Over a smooth wall, X-wire measurements of the
Reynolds stresses may be accurate to within 20% fory+ � 20, i.e. over nearly the entire boundary layer. This
compares with a reduced range,(y/δ � 0.15) for the rod-roughness. The Reynolds stresses were corrected for
X-wire spatial separation errors using the method in Zhu and Antonia [30]. For data in the near wall regionu+2

may be underestimated by approximately 15%, aty/δ = 0.15, u+2 was underestimated by 5%.

The decrease of−u+v+ as the wall is approached was also reported and discussed in [31–33] for a square
bar roughness withp/k = 4 and [34,35] for a wavy wall. For all surfaces, in which measurements were carried
out with X-wires, the authors of the cited papers speculated that the decrease of−u+v+ could be due to either
X-wire measurements errors or the contribution from a stationary wave to the mean momentum flux, via the
term 〈U ′′

V
′′〉. Here, angular brackets indicate averaging over a streamwise wavelength and a double prime

indicates the departure of the time-averaged velocity from the spatially averaged quantity. Over all surfaces,
〈U ′′

V
′′〉 was negligible relative to〈uv〉, suggesting that the decrease of−u+v+ is attributed to the use of X-

wires in the near-wall region. Using laser doppler velocimetry (LDV) Hudson et al. [36] measured the mean
velocity and Reynolds stresses in a channel flow over a wavy wall. They showed that〈U ′′

V
′′〉 contributed toτw

throughout the channel. Djenidi et al. [16], also using LDV over a transverse square bar roughness, reported a
non-negligible influence from〈U ′′

V
′′〉. Over the latter two surfaces the roughness is relatively large (h/k = 5

andδ/k = 7 respectively, whereh is the channel half-width), this compares with the data of [31–35], where
over these surfacesδ/k > 12 and there was little contribution from〈U ′′

V
′′〉. For the rod-roughness surface

δ/k � 50.
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Figure 7. Reynolds stresses for the transverse square cavity roughness and a smooth wall [12]. Hatched region contains the rough wall data of [15] using

all streamwise distributions between 1.4 and 3.5 m; symbols, rough wall of [38]. Right hatch,�, u+2; left hatch,� v+2; – cross-hatch�,−u+v+.

The data of [15] and [38] are from the same set of experiments. Solid lines, smooth wall atx = 1.1 m.

Measurement errors inv+2 have also been previously examined. Antonia [37] compared DNS (direct
numerical simulation) data with LDV, particle image velocimetry (PIV) and X-wire measurements of the
Reynolds stresses in a smooth wall channel flow. For all quantities, the LDV and PIV measurements agreed well
with the DNS data. However, the X-wire distributions ofv+2 were approximately 10% greater, compared with
those of the DNS, LDV and PIV distributions. Correcting for errors resulting from the spatial separation of X-
wires,v+2 was overestimated by approximately 5%. Since the presence of the surface roughness influencesv+2

more than the other Reynolds stresses (e.g. Krogstad and Antonia [18]), and the turbulence intensity is higher
over rough walls, errors inv+2, and perhaps−u+v+ would certainly be greater than those inu+2. Although
boundary layer LDV measurements over cylindrical and square bar roughnesses withp/k = 4 have not been
reported, Reynolds stress measurements close to these walls should be more accurate with LDV than X-wires.

5.3. Additional support for self-preservation

Partial support for self-preservation over a model crop canopy roughness is provided by Raupach et al. [27],
who estimateduτ using the momentum integral method and−uv]1/2

plateau. They observed a negligible variation
of Cf over a streamwise distance of 2 m. Their Reynolds stress data are not normalised and do not provide
sufficient indication as to whether equation (1) is satisfied.

The X-wire Reynolds stress data of Osaka et al. [15] for the transverse square cavity are shown infigure 7.
Since the original data markers in [15] are not individually distinguishable for the 8 streamwise distributions
between 1.4 and 3.5 m, hatching is used to indicate the region within which all data lie. One complete
Reynolds stress distribution set atx = 1.8 m (Kageyama et al. [38]) is also shown. The profiles used are
from the data lying within the shaded regions. For rough wall boundary layers, normalisation by� is nearly
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equivalent to that byδ sinceCf ≈ const. andδ ∝ δ∗. In contrast with the rod-roughness data, there is increased
scatter for the Reynolds stress distribution over the transverse square cavity roughness. The scatter is due to
experimental uncertainty using X-wire data, which unfortunately, cannot be quantified. The profiles do not
show any systematic variation withx.

While Cf for the transverse square cavity satisfies the self-preservation condition more closely than that for
rod-roughness, the Reynolds stresses for the cavity roughness show less collapse. It is not possible to adequately
distinguish which rough surface satisfies self-preservation more closely. However both are more self-preserving
than a smooth wall. The data presented here indicate that if self-preservation, as defined by equation (1), is to
be achieved exactly, then equations (1), (5) and (6) are all required to be satisified.

Analysis of the turbulence structure may provide support for rough wall self-preservation. Based on near-
wall flow dynamics, Liu et al. [19], Furuya et al. [20] and Krogstad and Antonia [18], among others, have shown
that ejections, sweeps and outward interactions are greater over rough walls compared with smooth wall layers.
Djenidi et al. [16] proposed that the mixing helps to maintain the energy equilibrium via a continuous exchange
of momentum beween the cavities and the overlying flow. At sufficiently highRθ , and whenk � δ for a fully
rough wall,τp is likely to be constant withx. It would be worthwhile comparing the streamwise variation of
drag-balance estimates ofτw andτp between different rough surfaces, including the present rod-roughness.

6. Conclusions

X-wire measurements were carried out in a turbulent boundary layer over a rod-roughened wall to establish
how well self-preservation is approximated, relative to a smooth wall layer. The mean velocity, Reynolds stress
andCf distributions were compared with previous measurements over a transverse square cavity roughness
and a smooth wall. It was found that smooth wall layers do not conform as well to self-preservation compared
with rough wall layers. The assessment of self-preservation was based on two conditions, dδ/dx = const. and
duτ /dx = 0, these are obtained from the boundary layer equations at high Reynolds number without assuming a
specific form for the mean velocity distribution or a particular roughness geometry. It was, however, suggested
that a more accurate test for self-preservation may be possible if a roughness geometry parameter is included
in the self-preservation analysis.
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